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1. Introduction

Let N >3 and definea C' energy functional / mapping from HI(RN ) to
R as follows:

1 2 M 2
I(u).—z 2 |Vu| —Wu dx — RNG(u)dx, (1.1)
where geC(R,R) and G(¢):= I;g(r)dz'.

We re-exlore the traditional problem of identifying conditions on G € C' (]R, R)

that make the existence of global minimizers for / with a mass constraint.

S, = {u eH' (RN)|||M||§ :m}.
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In this article, we delve into the minimization problem

E, = ;gf;l(u), (1.2)

where m >0 is prescribed.
By directly using the Lagrange multiplier method, Suppose uecS,6 is a
solution to (1.2), then a corresponding A=41 (u) € R exists such that

—Au—#uz—ﬂu—i—g(u) in H' (RN). (1.3)

A solution minimizing (1.2) is often referred to as an energy ground state, and
the corresponding ground state energy is denoted by E, . The problem about
constrained minimization for the Schrodinger equation incorporating a Hardy
term is a vibrant area of investigation within the realm of mathematical physics,
involving multiple different research directions. The origins of research in this
area can be traced back to at least 2004, with Dider Smets’s work on nonlinear
Schrédinger equations that include a Hardy potential and a critical Sobolev
exponent, see [1]. This paper offers an in-depth examination of the gradient flow
lines and critical points at infinity, establishing a crucial theoretical groundwork
for follow-up studies.

In recent years, research in this field has continued to deepen, involving
multiple different directions. As an example, a research paper focused on the
normalized ground state solutions of the Sobolev critical Schrodinger equation
with a Hardy term and combined nonlinearities in [2]. Moreover, studies have
delved into the constrained minimization issue concerning the nonlinear
Schrédinger equation that incorporates the Anderson Hamiltonian. This is
pertinent to the transmission dynamics of quantum particles through disordered
media in the field of physics, see [3].

In 2017, researchers also studied the minimization problem of the Schrédinger-
Poisson-Slater equations, which are important in describing the interactions
between particles in many-body quantum systems with unbounded potential in
[4]. In 2023, additional explorations were conducted into the normalized ground
state solutions for the Hardy-Littlewood-Sobolev critical Schrodinger equation
involving double Choquard-type nonlinear terms, see [5].

These studies indicate that the constrained minimization problem for the
Schrodinger equation with Hardy term is not only mathematically challenging but
also widely utilized across different branches of physics, especially in quantum
mechanics and condensed matter physics. Over time, research in this area
continues to expand, involving more physical phenomena and mathematical
problems. In physics, the Schrodinger equation with Hardy term is primarily
applied to describe the quantum mechanical systems of particles. The Hardy term
is usually related to the geometric properties of space, and it introduces a potential
energy that depends on the particle’s position. This is particularly useful when
dealing with problems that have special spatial symmetries or different physical

properties in certain directions.
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The applications of the Schrédinger equation with Hardy term in physical
research are diverse, and recent studies have mainly focused on the following areas.
Hardy’s paradox provides a theoretical framework that highlights the tension
between quantum mechanics and local realism. Such paradoxes can potentially
contribute to the development of quantum information science, particularly in
quantum computing and quantum communication. As an example, a new
framework addressing multi-particle Hardy’s paradox has been presented in [6],
which may have significant implications for quantum information processing. The
Hardy term also has a profound influence on the study of quantum entanglement
and nonlocality. Through Hardy’s inequality, it is possible to detect whether more
quantum states exhibit nonlocality, which is beneficial for the experimental
verification of quantum entanglement and the development of quantum
communication protocols. In mathematical physics, the Schrédinger equation with
a Hardy term is often associated with some challenging mathematical problems,
such as critical point theory, variational methods, and nonlinear analysis. The
works in References [7] and [5] focused on studying the normalized ground state
solutions for the Schrédinger equation with a Hardy term and critical Sobolev
exponent.

The following assumptionson geC (R, R) will be required.
(¢) limg(s)r =0.

(g2) timsup |g(Nt+)2| <oo.
|t|N_2
(g3) G(§)>O exists § #0.
(g4) There exists qe(2,2*) and C>0 such that |g(t)|SC(|t|+|t|q_l)
for every teR.
(gs) Thereexists C,,C,>0 and o €(0,4), such that
g(t)t-4G()=C |

(g) }imG(t)F‘ =, there G(t) :L;g(u)du .

—C,t* forevery teR.

Theorem 1.1 Assume N>3 and geC(R,R) complies with conditions

(g) to (g;). Thus
E, =inf [(u)-o0

ues,,

and the function m— E, is continuous and non-increasing. Besides,

i) There is a value m" € [O,oo) obtain
E =0 if 0O<m<m', E , <0 when m>m";

ii) For m>m", the global minimum £, isreached, and consequently, (1) has
an energy ground state ve S, with /(v)=E, <0.

iii) when O<m<m ,thevalue E, =0 isnot obtained;

iv) m =0 when

limG(t)/ |z|2*% = oo, (1.4)

t]-0
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and m" >0 when

limsqu(t)/|t|2+% < +00, (1.5)
>0

Remark 1.2 i) As further explained in Remark 3.3 and demonstrated in the
proof of Theorem 1.1 (ii), and if m >m", it is shown that any minimizing
sequence for (1.2), after selecting a subsequence and modulo translations in R",
converges strongly.

ii) For 0<m<m", Theorem 1.1 (iii) gets that the global minimum E, =0 is
not reached. Nevertheless, this does not exclude the possibility that the
constrained functional /; may have critical points with positive energies, as
noted in the related work [8].

iii) In the context where m >0 , the exploration of the existence and
nonexistence of global minimizers for E . =0 isa matter. For this surpasses the
limits of the current paper, we will not examine more general conditions on f
that ensure either existence or nonexistence. Instead, we guide interested readers
to [8] and [9] for some results related to existence.

iv)To let the exposition more straightforward, we define the notation.
my, m
To prove that m>m" if m >0 and E .=0 is obtained, and m>m'
otherwise. It is important to find that when m >, m" and for any minimizer

ve S, of(1.2),theassociated Lagrange multiplier 1=1 (v) is positive. Indeed,
the Pohozaev identity associated with (1.3), as described in [10],

1 1
P(u):=N=2/2N| [Vuf dv—— JRN#”HHE%N juf dx— , G (u)dx.

Given that E, =1(u)<0, it follows that
02=1(u)=P(u)=1(u)=1/N[_|Vuf dx—1/2 im

which implies that 1>0.

Theorem 1.3 Let N >3 and geC(R,R) fulfills conditions (g,) through
(g;); thus the next results get:

i) The function u defined on S, with respect to [ represents a ground
state of (1.1) when A is equal to ﬂ(u) constitutes a solution of (1.1) having
A= /l(u) , meaning that

C, :Em+§m =inf {J, (v)[J} (v)=0}. (1.6)

where ve H' (RN)\{O} . For next detail, (1.6) the least action is C, the value,
where action function with C' J, : H' (RN ) — TR is defined:

J, (v):[(v)-i-% [V a. (17)

ii) For any Ae{A(u):uesS, andu minimizes /on S, | , any ground state
weH' (RN) of (1.3) minimizes / on S, ,meaning weS, and I(w)=FE

m*
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As we all know, the simplest and one of the most minimax theorems is the
mountain pass theorem. Now let’s recall it.
Theorem 1.4 ([11]) Suppose E beaHilbertspace, [ € C' (E,]R) ,and ee E

where ||e||>p make
b= inf 1(v)21(0)>I(e).
Ivl=p

Thus, there exists {v,} € E obtain

=0

lim/(v,)=c, lim|'(v,)

with
c= 1ng gl[fiﬁl(;/(t))

T={yeC([0.1.E):y(1)=e,7(0)=0}.

and when the function / satisfies the (PS )C condition, ¢ is the solution of
I.

Theorem 1.5 Let that the function g make conditions (g,) to (g) is
hold, thus the energy function / obtained a nontrivial solution.

The organization of this paper is as follows: the section 2 introduces the
necessary notation and presents a preliminary lemma. The section 3 is in order to
prove Theorem 1.1. the section 4 focuses on demonstrating Lemma 4.1 and

Theorem 1.3. Lastly, Section 5 is allocated to prove Theorem 1.4 and Theorem 1.5.

2. Preliminaries

Throughout this paper, for a given function ueH I(RN ) and for any real
number s, we introduce the scaling function defined as

sOu:= eNS/zu(eS )

which remains in H' (]RN ) and maintains the I’ normas s variesover R.
In what follows, The Hardy inequality (as stated in [2]), which will be frequently
used all over this paper, is recalled by us.

Lemma 2.1 (Hardy inequality [12]) For any ueC; (RN) and N2>3, we
have a sharp number u'= (N—2/2)2 , N >3, make

1
I}RN 1/|x|2 wdx < ;J.RN |Vu|2 dx, 0< u< p
Given that functionsin C;’ (RN ) are dense in H' (RN ) , the aforementioned
inequality is also valid in H' (]RN ) .

In what follows, we denote that C;’ (RN ) is DY (RN ) the completion,

where the norm

12
||u|| = [.[RN {|Vu|2 —,u%uz}dx] , forall0< u< 4/,

|x

where ueHl(RN).
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1
Then, this norm ||u|| and the usual norm (J.]RN |Vu|2 dx)2 is equivalent.

3. Existence

The section is dedicated to proving Theorem 1.1, with a particular idea to proving
the existence as well as the absence of minimizers for (1.2) within a suitable mass
range m>0. For a prerequisite, Here, we introduce the following lemma, for
which the proof follows conventional methods.

Lemma 3.1 Let that N>3 and geC(R,R) satisfies (g ) and (g,).
Thus the next statements is achieved.

i) When every bounded sequence {v,} in H' (RN ) ,

lim [ G (v)dr=0

n—o0

if lim ||vn ||L°°(R"V) =0, and

n—o

limsupJ.RN G(v)dx <0

if ’11151010 v, L2+4/N(RN) =0.

ii) A positive number C= C(g,N,m) makes

1(\1) = lIRN [|Vv|2 —#szdx— BN G(V)dx

2

1
25[1_§J|w|§—c(g,zv,m>,

for any ve H' (RN ) and |v|§ <m . Specifically, the function [/ is coercive on
S

m*

To delve deeper, we revisit the global minimum
E, :=infI(v)

where veS, , subsequently conduct a thorough analysis of its fundamental
characteristics.

Lemma 3.2 Let N>3 and geC(R,R) fulfills conditions (g) through
(g;)- The next assertions are valid.

i)forall m=20, —0<E <0.

ii) There exists a value m, >0, E, <0 withevery m>m,.

iii) If (1.4) is satisfied, then E, <0 for all m=>0. Conversely, if (1.5) is
achieved, thus E, =0 for small enough m=>0.

iv) When every m >m'> 0, it is achieved that

E,<"E, (3.1)
m

When E , isattained, thus it is the strict inequality.

v) The function that assigns m > E, is monotonically non-increasing and
exhibits continuity.

Proof: Due to lemma 3.1 can be proved similarly as that of Lemma 2.1 in [13],

so it is omitted by us.
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i) Due to Lemma 3.1 (ii), / hasalowerboundon S, ,weget E >—oo.For
every uel” (RN)mSm , we get lim |V(s 0 v)|2 =0 and

=0. Referring to Lemma 3.1(i),

lim |V s <>v)

AV OV

E,<limI(s0v)

§—>—0

=1J.N[|VS<>V| |||s<>v| de I G(sOv)dx
u estz
_LIEO_E.[RN | |2 dx=0

ii) From (g3) and [10], we get veH‘(RN) we know _[ G dx>0 When

all m=0,let v, = v(m’”N |v|z/N x) €S, . From

1
v, —5 [|Vv | |2 mj IRb,\,G(vm)dx

m
S ————\ LG (v)dx
zW””R U' ||] o)

=Am" N —Bm = f (m),

v 1
2||N||—2)/N » B= W RNG(V)dx :

where A= (
2ul,

f(m)<0, with every large enough

Consequently, we have E, <I(v,)

m>0.
iii) If (1.4) is achieved, we select ve L” (RN ) NS, . When

2+4/N
He={ [V de/] v
by (1.4), we get 6>0 making G(¢ >H|t|2+4/N for any |t|£5. Given that
<o forsome s<0,it follows clearly that

s 0¥ avy
EmSI(SOV)
[|Vs<>v| Lols of ]dx [ F(s0v)de
o 2
<y fmfocne e Mol

1 1 v(x)f
= zXIRN|V [ dx— BﬂJRN w: dx > 0.

2+4/N
>

When (1.5) holds, there exists a positive number C, making G(t <C |t|
with any ¢ € R . During the Gagliardo-Nirenberg inequality, we all know

J.RNG(u)deCgCNmZ/NWvE forall vesS, .
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For small enough m >0, one has CgCNmZ/N < %(1 —ﬁ,J ,» Due to Lemma 2.1
u

such that

1

1(v):= EIRN £|vv|2 _#vzjdx —[ G (v)dx

> 1(1 _ﬁjwvg _C.cum Vol >0,
2 o
Therefore, 0<E, . According to (i), we getthat £ =0 when m>0 small

iv) Suppose 1<b=m/m'. When all & >0, we have a function ueS, and
get I(u)<e+E, Itisevidentthat veS,, v= u(z'”Nx) , then

1P 12 1
Vu[t"’xj —#u[t"’xj dx - v G(u[t”xjjdx
X
i

1 X2 2 2
:51 N (l—thJRN [Vl dx+ 1l (u)— ut RNde (3.2)

E,<I(v)=1/2] ,

<t1(u)
<™(E +¢).
_m’( T E)

Since ¢ >0 can be chosen arbitrarily, we can know that (3.1) the inequality is
hold. When E, isattained,forafew ueS,, ,thuswecanlet £¢=0 with(3.2),
such that the inequality is strict.

v) Due to (3.1) and Item (i), the function E, isnonincreasing. For establishing

E_ continuity,all m>0 andata veS,, we define a new function.

RS

= 1/2m"2/NIRN, [|Vv|2 —ﬁ|u|2]dx— & G(v)dx

=1/2m™" ||v||2 - J-RN G(v)dx.
we can obtain

£y =inf ¢, (m)

m ves)

2
m

. . v E, .
Given that ¢,(m) is concave about m ", we can learn that — is
m

continuous when m >0, which in turn implies the continuity of E, .

Demonstration of Theorem 1.1
We introduce the definition of
m’" :=inf{m|E, <0},

where m >0. From Lemma 3.2, it can be readily observed, if 0< m <o,
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ifm>m" E <0,otherwise, £, =0 when0<m < m'; (3.3)

Specifically, if (1.4) is satisfied, m" =0, and when (1.5) is held. m" >0. Let’s
initially demonstrate that E, =0 when O<m<m is unattainable. In fact,

suppose for the sake of contradicting about E, =0 is attained when

me (0, m*) , thus we can get from Lemma tt (iv) that
0= m*/mEm >E ..
The results is contradicted since E.= 0 from (3.3). Next, we ought to prove

that E, the global minimum is attained if m>m’.

Given m>m’" and learn every minimizing sequence {u,} S, about E, .
It is important that the bounded sequence {u,}in H' (]RN ) from Lemma 3.1

(ii). Consequently, suppose, having a subsequence, that lim .[RN |an *dx and

lim -[RN G(v,)dx exists. From (3.3), E, <0, it follows that the sequence {u,}

does not vanish, that is to say

un

li 2dx |>0. 34
i o o o

In fact, if (3.4) were not valid, then according to Lions’ Lemma [14] u, — 0
and consequently

0<tlim[ , G(u,)dx

n—>0

from Hardy inequality and Lemma 3.1 (i); Observing that
I(u,)+ I]RN G(u,)dx >0, it is contradicted that:
E,=lim/(v,)<0

:m% RN(WV/ £ vz]dx— 2 G(v,)dx

R
[+

.1
> EE?OE BN |an

M
de_z_’u' RN|an zdx—IRNG(vn)dx

>—lim [ ,G(v,)dx>0,

n—o
where 0< u<yu'.

Given that the sequence {vn} does not vanish, we have one sequence
{x,} ©R" and anontrivial element u e H' (]RN ) making, up to a subsequence,
v,(-+x,)—v in H' (RN) and v,(-+x,)>u ae on R".Soppose
m

= ””"iz(RN)’ O<m<m and h,:=v,(-+x,)—u.Itisimportant that

Lim| ]} = m — i (3.5)

n—w
and from employing the splitting result [15],

Em:lim](vn):lim[(u+h"):1(u)+liml(hn). (3.6)

n—o0

Now, we will demonstrate a claim below, which will subsequently complete the
entire proof.
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it m'=m, from (3.5).

Claim. lim|h, |
Let ¢,:=1h,|, from every neN". When 0<11mt , thus (3.5) obtain that

i  (0,m). Considering the definition about E, and Lemma 3.2 (v), we derive
that

n

hm[(h )>11mE =E,

n—om

Fro (3.6) and (3.1), we get

E,>I(u)+E, ,>E,+E, ,>"—"F +"F -F .
m m

Thus, it must be that /(u)=E, , which indicates that E, is attained at
veS. . However, using (3.6) and (3.1) again, we find that it is contradicted:
E >E.+E, _ m>m/mE +m— m/mE =F,,
and thus the claim is established.
Summary. It is evident that ueS, according to the claim above, and

therefore I(u) > E . The claim, along with Lemma 3.1 (i), leads to (3.7)
lim [ _, G (h,)dx <0. (3.7)

n—w

By invoking the Hardy inequality, we additionally obtain

1im1(h,,)=%jRN[|v;,n2_ nz]dx_ v G (h,)dx

[

1
> —IRN (|Vh"|2 - £

—j G (h,)dx>0.

]dx [, G(,)ds

Consequently, leveraging (3.6), we deduce that E, >1(u), which implies
when u €S, , the negative value E, <0 is attained.

Remark 3.3. We can deduce that v,(-+x,)—>u in HI(RN) Indeed,
combining (3.6), (3.7) and the fact that [ ( ) E , we can deduce that

m?>

; LZ(JRN) — 0 asn — oo,

Given that lim ||hn || LZ(RN) =0, the strong convergence follows.
n—ow

4. Least Action Characterization

The section 4 is order to prove Theorem 1.3. As a prerequisite, we present the next
proof, whose lemma is conventional.

Lemma 4.1 Let the function g fulfills (g,)-(g,) and N >3.Due to every
nontrivial critical point /e H' (RN ) of J,,any 6>0 andany T >0, there
is a number Z=Z(h,5,7)>0 and a continuous path 7:[0,Z]—>H1(RN)
that get

) 2(0)=0, maxJ, (7(1)=1,(n), 1,(+(2))<-

te[O Z]

ii) For some 7€(0,Z), y(zr)=h,and
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Ji(7(6)) <75 (h)
for each te[O,Z],we have "}/(t)—h"Hl(RN) >0;

iii) The function m(z):= |}/(t)|z is continuous and strictly increasing, with
M<m(Z).
Proof: When N >3 and the fixed he H' (]RN ) , we introduce

0 when ¢ =0,
y(t)::{w(-/t), when 7> 0. .1
One has
m(t):=ly (o) =" |Af3. (4.2)
and by the Pohozaev identity, see [10].
P(u) :=%LRN Vuf dx—%jRN#uzdx+%/1J‘RN|u|2 dr— [, G(u)dx,
we note
1 0)=12 JRN[wo)r—#y(rfjdx— GG

N
:1/2tN2JRN{|Vh|2—ﬁh2de—tN RA,G(h)dx+%ﬂIRN|h|2dx

- 1/2[/” - N}; 2 zijRN Vi dx +%(tN A #h (x)" dx
with 0< < ', Suppose p small enough. It is important that the function
J, (7/(t)) has a unique maximum at f=1 and approaches J, (7(t)) — —0  as
t — 0. Thus, forany 7>0 we can selectalarge enough number Z=Z(h,T)>0
making the continuous path y:[0,Z] > H' (RN ) meets Items (i) - (iil) of Lemma
4.1 abouteach 6>0.

When N >3, We will observe that Lemma 4.1 the proof is quite straightforward.
Finally, we depend on the existence of the Pohozaev identity with (1.3).

Demonstration of Theorem 1.3

For establishing Item (i), set he H' (RN ) be any nontrivial critical point about
J, > We should prove that

7, (1), (u) =%m+Em.

Given a fixed 0<J and supposed T :=m >0, consider the path
7:[0,Z] > H' (RN ) continuous as described in Lemma 4.1. According to Lemma
4.1 (i) and 4.1 (iii), there is a point ¢, € (O,T ) for which
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Therefore,

J, (h)zmale(ﬂf(f))ZJz(?’(to))

tE[O,Z]

> im +E,.
2
We now proceed to prove Item (ii). Given Item (i), any least action solution
he H'(RY) of (1.3) fulfills
J,(h)=C, =§m+Em. (4.3)
Suppose, for the sake of contradiction, that "W";(RN) #m . Thus, for
o= ‘—|h|2 +M‘ >0 and T:=m>0,

we have the path y:[0,Z] > H' (RN) is continuous provided from Lemma 4.1.
Finding that from Lemma 4.1 (iii) there is 7, €(0,Z) making
2
|}/(t0 )|2 =m and |}/(t0)—h|2 > 6,
From Lemma 4.1, we have item (ii) that we have be contradicted:

AOEAD)

=1 W)+ 5 ol f &

>F +£m.
2

m

Having obtained that m =|h§ , it is straightforward to see that E, =1(h)

from (4.3).

5. Mountain Pass Structure

The next several lemmas are provided to show that / makes the (PS )C condition
and the mountain pass structure achieved, leading to the energy functional [ exists

a nontrivial critical point u .

Lemma 5.1 There exists p>0 and « >0, making Hiﬁlf I(u)2a.
ul=p

Proof: According to (g,) and (g,),from each fixed &>0,having C, >0,
making forany t€R, we get|G(t)| <C " +elef .
Set ve H' (RN ) with u # 0. During the Sobolev Embedding Theorem, one has

I(v) B %IRN ['er _izvzldx_ RN G(v)dx

]
1
> 5”\/"2 [ (g|v|2 +C, vp)dx
1
2SI - -G
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when choosing ¢ >0 small sufficiently, we obtain
1
1(v)z M -C.6 b
=ip2 —C.Cp’=a>0,

with p issmall enough.

Lemma 5.2 Having ee H' (RN ) , makes /(e)<0.

Proof: When each 7 >0, due to the continuity of u and the condition
(gs) >having C,>0 make foreach s€R,wehave G(s)2 Ts* —C, . Thus,

2
I(su) :% o [|Vu|2 _#m}dx—jw G (su)dx

2

< %"u"z - .[RN T(su)4 dx-C,
2

= %"u"2 - TS4IRN u'dx+C,.

Itis evident thatas s —o0, I(su)—>—o.Take e=su,where s isenough
large, we get I(e)<0.

Lemma 5.1 and Lemma 5.2 have that / gets the mountain pass structure. To
obtain the result, we should the next proof.

Lemma 5.3 The (PS) conditionof 7(u) is satisfied.

Proof: Let {u,}c H' (RN) bea (PS) sequenceof I,thus, I(u,)—>c and
I'(u,)—>0, when n— 0. Nowaday, in order to prove that {u,} isa bounded
sequence. Let {u,} is a unbounded sequence; without loss of generality, suppose
|4, = oo and by each u,ve H' (RN),

<I’(v),u>:J.RN(VVVu—ﬁvu]dx—ng(v)vdx. (5.1)

Thus,
1

I(W)—Z<Fﬁghw>:iw%w+Lw(%g(ﬂv—G(ﬂjdn

For (g;),having C;>0 and R>0 when [{>R,
g(1)t-4G(1)=C, |t|2+a —C,t* > C;. Thus, one has

L/n
](vn)_z<1 (Vn)’vn>:l+lj‘ G(V”)Vn—4G(Vﬂ)dx>l+lI C5 dx (52)
vl 44 RSk Vi
1(5) =S (v,)v,)
Furthermore, by assumption, we have 4 —0.

2
\Z

n

1
According to (5.2), OZZ, which is a contradiction. Therefore, {un} is a

bounded sequence in H' (RN ) and then one may assume that up to a
subsequence {v,} (still denoted by {v,}) satisfies v, =~v in HI(RN ) and
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v, >V in I’ (]RN) for 1< p<2". Moreover, v,(x)—>v(x) ae.on R".By
( g4) , Holder’s inequality and the properties of the Nemytskii operator, we obtain

o 0 ()= 7 )ty =) <[ £ 2 ) = 1 (1) o

u, _u|Lp(RN) — 0. (53)

Thus, according to (5.1) and (5.3), one has
(I'(v,)=I'(v).v, =v)={I'(v,).v, =v)={I'(v).v, =v)
=v, = = [ (g(n) =g () (v, —v)dr
=[v, = +o(1).
Furthermore, by 1'(v,)—0 and the definition of weak convergence,

<I'(vn)—l'(v),vn —v>—>0, as n —> oo,

hence |jv, - v|| — 0. The lemma 5.3 is proved.

Theorem 1.5 of Proof

Due to Lemma 5.1 and Lemma 5.2, it is demonstrated that the energy functional
I satisfied the mountain pass structure in H' (RN ) , Consequently, having a
(PS)_ sequence {u,} of I in H' (]RN) . Moreover, from Lemma 5.3, [

makes the (PS )C condition. Because of Theorem 1.4 and ¢ >0, I makes a

nontrivial critical point u, i.e, the functional / has a nontrivial solution u .

Conflicts of Interest

The author declares no conflicts of interest.

References

[1]  Smets, D. (2004) Nonlinear Schrédinger Equations with Hardy Potential and Critical
Nonlinearities. Transactions of the American Mathematical Society, 357, 2909-2938.
https://doi.org/10.1090/s0002-9947-04-03769-9

[2] Li, H. and Zou, W. (2023) Normalized Ground State for the Sobolev Critical Schro-
dinger Equation Involving Hardy Term with Combined Nonlinearities. Mathe-
matische Nachrichten, 296, 2440-2466. https://doi.org/10.1002/mana.202000481

[3] Zhang, Q. and Duan, J. (2024) Constraint Minimization Problem of the Nonlinear
Schrédinger Equation with the Anderson Hamiltonian. Journal of Mathematical
Analysis and Applications, 538, Article 128360.
https://doi.org/10.1016/j.jmaa.2024.128360

[4] Zeng, X. and Zhang, L. (2017) Normalized Solutions for Schrédinger-Poisson-Slater
Equations with Unbounded Potentials. Journal of Mathematical Analysis and Appli-
cations, 452, 47-61. https://doi.org/10.1016/j.jmaa.2017.02.053

[5] Chen, J. and Chen, Z. (2023) Normalized Ground States for a Hardy-Littlewood-
Sobolev Upper Critical Schrodinger Equation with Double Choquard Type Nonlin-
ear Terms. Applied Mathematics Letters, 138, Article 108521.
https://doi.org/10.1016/j.am1.2022.108521

[6] Jiang, S., Xu, Z., Su, H., Pati, A.K. and Chen, J. (2018) Generalized Hardy’s Paradox.
Physical Review Letters, 120, Article 050403.
https://doi.org/10.1103/physrevlett.120.050403

DOI: 10.4236/0alib.1112924

14 Open Access Library Journal


https://doi.org/10.4236/oalib.1112924
https://doi.org/10.1090/s0002-9947-04-03769-9
https://doi.org/10.1002/mana.202000481
https://doi.org/10.1016/j.jmaa.2024.128360
https://doi.org/10.1016/j.jmaa.2017.02.053
https://doi.org/10.1016/j.aml.2022.108521
https://doi.org/10.1103/physrevlett.120.050403

C.Y.Fu

(7]

(8]

(9]

(10]

(11]

(12]

(13]

(14]

(15]

Wang, C. and Shang, Y. (2019) Existence and Multiplicity of Solutions for Schro-
dinger Equation with Inverse Square Potential and Hardy-Sobolev Critical Exponent.
Nonlinear Analysis. Real World Applications, 46, 525-544.
https://doi.org/10.1016/j.nonrwa.2018.10.002

Jeanjean, L. and Lu, S. (2022) Normalized Solutions with Positive Energies for a Co-
ercive Problem and Application to the Cubic-Quintic Nonlinear Schrédinger Equa-
tion. Mathematical Models and Methods in Applied Sciences, 32, 1557-1588.
https://doi.org/10.1142/s0218202522500361

Shibata, M. (2013) Stable Standing Waves of Nonlinear Schrodinger Equations with
a General Nonlinear Term. Manuscripta Mathematica, 143, 221-237.
https://doi.org/10.1007/s00229-013-0627-9

Berestycki, H. and Lions, P.-. (1983) Nonlinear Scalar Field Equations, I Existence of
a Ground State. Archive for Rational Mechanics and Analysis, 82, 313-345.
https://doi.org/10.1007/bf00250555

Willem, M. (1996) Minimax Theorems, Volume 24 of Progress in Nonlinear Differ-
ential Equations and their Applications. Birkhduser Boston, Inc.

Bouchekif, M. and Messirdi, S. (2015) On Elliptic Problems with Two Critical Hardy-
Sobolev Exponents at the Same Pole. Applied Mathematics Letters, 42, 9-14.
https://doi.org/10.1016/j.am1.2014.10.012

Jeanjean, L. and Lu, S. (2022) On Global Minimizers for a Mass Constrained Problem.
Calculus of Variations and Partial Difterential Equations, 61, Article No. 214.
https://doi.org/10.1007/s00526-022-02320-6

Lions, P.L. (1984) The Concentration-Compactness Principle in the Calculus of Var-
iations. The Locally Compact Case, Part 2. Annales de I'Institut Henri Poincaré C,
Analyse non linéaire, 1, 223-283. https://doi.org/10.1016/50294-1449(16)30422-x

Jeanjean, L. and Lu, S. (2020) A Mass Supercritical Problem Revisited. Calculus of
Variations and Partial Differential Equations, 59, Article No. 174.

https://doi.org/10.1007/s00526-020-01828-z

DOI: 10.4236/0alib.1112924

15 Open Access Library Journal


https://doi.org/10.4236/oalib.1112924
https://doi.org/10.1016/j.nonrwa.2018.10.002
https://doi.org/10.1142/s0218202522500361
https://doi.org/10.1007/s00229-013-0627-9
https://doi.org/10.1007/bf00250555
https://doi.org/10.1016/j.aml.2014.10.012
https://doi.org/10.1007/s00526-022-02320-6
https://doi.org/10.1016/s0294-1449(16)30422-x
https://doi.org/10.1007/s00526-020-01828-z

	On Constrained Minimizers for Schrödinger Equations with Hardy Term
	Abstract
	Subject Areas
	Keywords
	1. Introduction
	2. Preliminaries
	3. Existence
	Demonstration of Theorem 1.1

	4. Least Action Characterization
	Demonstration of Theorem 1.3

	5. Mountain Pass Structure
	Theorem 1.5 of Proof

	Conflicts of Interest
	References

